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To David Jacobson and Peter Whittle


Foreword

Assuming “rational expectations” — that agents within a model and the econometrician observing those agents have specified the model correctly — has proved to be an extraordinarily useful approach to macroeconomics, and Lars Hansen and Thomas Sargent have been in the vanguard of that approach. But Hansen and Sargent have also led the way in showing how departures from rational expectations — specifically, the possibility of model misspecification — can fruitfully be studied by macroeconomists.

In this volume, Hansen and Sargent have assembled ten fundamental articles on how to proceed when agents and econometricians are uncertain about the correct model. Nine of the ten are joint work (sometimes with additional authors); one is by Hansen alone. Hansen and Sargent have also written an introduction that lays out how they deal with misspecification in general and what the individual papers do in particular.

I am extremely grateful to Lars Hansen and Thomas Sargent for producing this important book. The profession will be grateful to them too.

 

Eric Maskin
Editor-in-Chief
World Scientific Series in Economic Theory


Preface

We have devoted large parts of our professional lives to refining and applying rational expectations macroeconomics and econometrics. This book describes some of our recent efforts to come to grips with misspecification about and within economic models, a problem that the rational expectations assumption ignores.

Rational expectations is a powerful device for restricting data. It eliminates all free parameters describing beliefs about endogenous outcomes and imposes a pervasive “communism of beliefs” among all agents within a model, the outside observers and econometricians estimating the model, and the “god” or “nature” that generates the actual data. Applied researchers exploit that communism of beliefs both in computing a rational expectations equilibrium and in constructing good statistical estimators based on likelihood functions and other moment matching methods.

Thirty five years of applying rational expectations econometrics delivered its share of disappointments and “creative destructions.” The cross-equation restrictions that are a hall mark of rational expectations models have often generated convincing empirical evidence against a variety of ex ante beautiful theoretical models. One constructive response has been to sort through the wreckage left by those likelihood ratios and related statistical tests in search of diagnostics that hint at improved specifications of the preferences, technologies, timing protocols, and information flows that comprise the elements of a rational expectations model.

There have been other sensible responses. Our good friend Robert E. Lucas, Jr. told us in the early 1980s that our likelihood ratio tests and moment matching tests were rejecting too many good models. He went on to say that all models are at best approximations (a polite way of saying that they are wrong) that should be compared to the data with more forgiving methods like the calibration techniques advocated by Kydland and Prescott. Many macroeconomists have followed that advice.

Specification searches accept uncomfortable departures from part of the “communism of beliefs” inherent in rational expectations econometrics. Modern specification searches typically hop from one rational expectations model to another, each model having its own “communism of beliefs” that precludes the agents within a model from entertaining specification doubts. The rational expectations assumption will not accommodate a completely coherent exploration of model misspecification.

As applied macroeconomists and time series econometricians, we have had to live with repeated messages that our models have failed specification tests. We are both fortunate to have been at the University of Minnesota during the 1970s, a time when Christopher A. Sims was formulating constructive responses to model misspecification. In a string of papers cast in terms of pre-rational expectations models (often distributed lags), Sims (1971a, b, 1972, 1974) characterized adverse consequences of various misspecifications and provided recommendations about how to filter data or redesign approximating models in ways to protect against some types of misspecifications.1 Sims’s papers prominently featured relative entropy, an expected log likelihood ratio of a misspecified joint probability to a “true” joint probability evaluated with respect the true probability. Importing insights of Kullback and Leibler (1951) into economics, Sims described how in large samples a class of good econometric estimators would minimize relative entropy or an equivalent quantity that Sims represented in the frequency domain. Sims used that approximation criterion to provide advice about how to adjust admittedly approximate specifications or to filter data in order to improve estimates of model features of special interest. We discern a robustness perspective underneath Sims’s practical advice, since Sims’s advice provides procedures that work “well enough” despite a researcher’s admitting that his or her model is only an approximation.

Until the early 1990s, we were busy adapting and applying mathematical tools for dynamic optimization and prediction that had been perfected by mathematicians in the 1950s and 1960s. Those tools assume that a decision maker completely trusts a stochastic specification, which makes them naturally applicable to rational expectations models. While we struggled with specification doubts about our models, we maintained the assumption that the agents within our rational expectations models did not. This was the price of admission for using those beautiful mathematical tools.

About 1992, by reading Jacobson (1973) and Whittle (1990) we learned that while we had been busy applying 1950s-1960s control and prediction theories for fully trusted models, mathematicians and engineers in the 1970s and 1980s had worked out “post-modern” control and prediction theories applicable to situations in which decision makers distrust their models. This work goes under a variety of names like robust control, H-infinity control, or minimum-entropy control. Having been prepared by our own repeated specification struggles, we immediately recognized that robust control and prediction tools could help us build macroeconomic models having agents within them who forecast and make decisions despite having specification doubts. That is how we began.



1Sims (1993) and Hansen and Sargent (1993) used related analytical methods to study consequences of misspecification in the context of rational expectations models.
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Chapter 1

Introduction

1.1Questions about Model Uncertainty

These questions motivated us to write the chapters in this book.

What is model uncertainty?

For us, a model is a stochastic process, that is, a probability distribution over a sequence of random variables, perhaps indexed by a vector of parameters. For us, model uncertainty includes a suspicion that a model is incorrect.

Why do we care about it?

Because

•It is difficult statistically to distinguish alternative models from samples of the sizes of typical macroeconomic data sets.

•Experiments by Ellsberg (1961) make the no-model-doubts outcome implied by the Savage (1954) axioms dubious.

As macro econometricians, we will emphasize the first reason. Applied econometricians often emerge from model fitting efforts acknowledging substantial doubts about the validity of their models vis a vis nearly equally good fitting models. The second reason inspired decision theories that provides axiomatic foundations for some of the models applied in this book.1

How do we represent it?

As a decision maker who has a set of models that he is unable or unwilling to reduce to a single model by using a Bayesian prior probability distribution over models to create a compound lottery.

How do we manage it?

We construct bounds on value functions over all members of the decision maker’s set of models. Min-max expected utility is our tool for constructing bounds on value functions. We formulate a two-player zero-sum game in which a minimizing player chooses a probability distribution from a set of models and thereby helps a maximizing player to compute bounds on value functions. This procedure explores the fragility of decision rules with respect to perturbations of a benchmark probability model.

Who confronts model uncertainty?

We as model builders do. So do the private agents and government decision makers inside our models.

How do we measure it?

By the size of a set of statistical models, as measured by relative entropy. Relative entropy is an expected log likelihood ratio. For pedagogical simplicity, consider a static analysis under uncertainty. In fact it is the dynamic extensions that interest us, but the essential ingredients are present in this simpler setting. Let f(x) be a probability density for a random vector X under a benchmark model. Consider an alternative density [image: figure](x) for this random vector and form the likelihood ratio:

[image: figure]

Provided that the support of the density [image: figure] is contained in the support of the density f, the likelihood ratio m(X) has mean one under the benchmark f density:

[image: figure]

Posed differently, multiplication of f(x) by m(x) generates a perturbed probability density [image: figure](x) = m(x)f(x), since by construction [image: figure](x) integrates to 1. It is convenient for us to represent perturbed densities with positive functions m for which m(X) has expectation one. While we have assumed that the base-line probability distribution has a density with respect to Lebesgue measure, this is not needed for our analysis. We adopt the notational convention that expectations (not subject to qualification) are computed under the benchmark model f.

Relative entropy is defined as

[image: figure]

Relative entropy equals zero when [image: figure](x) = f(x) and consequently m(x) = 1. Relative entropy tells how difficult it is to distinguish f(x) and [image: figure](x) with finite samples of x. It governs the rate of statistical learning as a sample size grows. Log likelihood ratios have been used to construct distinct but related quantities intended to measure discrepancies between probability distributions. We will discuss and occasionally use one of these due to Chernoff (1952). But relative entropy is the one that is most tractable for most of our analysis.

An urban legend claims that Shannon asked von Neumann what to call his mathematical object. Supposedly von Neumann said: “Call it entropy. It is already in use under that name and besides, it will give you a great edge in debates because nobody knows what entropy is anyway.” There are serious doubts about whether von Neumann actually said that to Shannon. The doubtful veracity of the story enhances its appropriateness for a book about model uncertainty.
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