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Kenneth J. Arrow’s work has shaped the course of economics for the past sixty years so deeply that, in a sense, every modern economist is his student. His ideas, style of research, and breadth of vision have been a model for generations of the boldest, most creative, and most innovative economists. His work has yielded such seminal theorems as general equilibrium, social choice, and endogenous growth, proving that simple ideas have profound effects. The Kenneth J. Arrow Lecture Seriessupported by the Committee on Global Thought and the Program for Economic Research, highlights economists, from Nobel laureates to groundbreaking younger scholars, whose work builds on Arrow’s scholarship as well as his innovative spirit. The books in the series are an expansion of the lectures that are held in Arrow's honor at Columbia University.
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INTRODUCTION1

PRASANTA K. PATTANAIK

Since its publication more than six decades ago, Kenneth J. Arrow’s (1950, 1951) impossibility theorem has profoundly influenced the thinking of all who are interested in issues relating to social choice and welfare, and the contributions of Eric Maskin and Amartya Sen to the vast literature, which followed Arrow’s theorem, have been of fundamental importance. It is a great pleasure for me to write an introduction to this volume based on Eric Maskin’s and Amartya Sen’s lectures at Columbia University on Arrow’s impossibility theorem, especially since, as a graduate student, I was first introduced to Arrow’s impossibility theorem (and much else in welfare economics) by Amartya Sen, and I have known Eric Maskin for a long time.

WELFARE ECONOMICS AND THE THEORY OF SOCIAL CHOICE AT THE TIME OF PUBLICATION OF ARROW’S IMPOSSIBILITY THEOREM

Arrow’s (1950, 1951) impossibility theorem is one of those rare intellectual contributions that virtually transform entire disciplines or subdisciplines. Welfare economics and the theory of social choice were the main areas impacted in this fashion by Arrow’s theorem, though the theorem has also had far-reaching influence on political philosophy and political theory. It may be helpful to take a quick look at the state of welfare economics at the time when Arrow (1950, 1951) published his celebrated theorem. The important contributions of Bergson (1938) and Samuelson (1947), with their precise notion of a social welfare function, had already made it amply clear that economists needed to use value judgments if they wanted to engage in policy prescription or evaluation of social states, but the set of value judgments that welfare economists focused on in the 1930s and 1940s was remarkably small. The earlier utilitarian tradition was out of favor thanks to the rise of ordinal analysis in the theory of consumers’ behavior and widespread skepticism about the possibility of interpersonal comparisons of utility. Much of welfare economics centered on the Pareto Principle, which says that if everybody in the society strictly prefers a social state x to another social state y, then x is strictly better than y for the society.2 A major problem with the Pareto Principle, of course, is that, whenever any two individuals differ in their preference-based rankings over two social states, the Pareto Principle fails to compare those two social states. In an attempt to fill at least some of the numerous gaps in comparisons under the Pareto Principle, Kaldor (1939) and Hicks (1939) introduced the “compensation criterion,” but it was soon clear that not only did the compensation criterion have rather limited ethical appeal but it could also sometimes yield contradictory results, such as that social state x was better for the society than social state y, and, simultaneously, social state y was also socially better than social state x. A few years before the publication of Arrow’s impossibility theorem, there were several contributions3 to the literature on social decisions through voting,4 the papers of Bowen (1943) and Black (1948a) being particularly important. Though these contributions appeared in some of the most respected economics journals, it will perhaps be fair to say that, by and large, welfare economists did not take much interest in them until Arrow’s (1950, 1951) theorem stimulated their interest in voting procedures.

ARROW’S THEOREM AND SOME INTERPRETATIONS OF THE PROBLEM OF PREFERENCE AGGREGATION

Let X be the set of all possible social states or states of affairs in the society. At any given time, the set A of actually available social states is a nonempty subset (likely a proper subset) of X. It is assumed that each individual has a preference ordering over X. Arrow’s (1951) impossibility theorem deals with the problem of specifying a social ranking or ordering R of the social states in X. The social ordering R is intended to serve as the basis of social choice in the following sense: given any set A of available social states, the society chooses from A a social state that R ranks highest among the social states belonging to A.

Arrow (1951) starts with the intuition that R must be based on the profile of individual preference orderings over X (with exactly one preference ordering for each individual in the society). As Sen (2014) notes, this is clearly an intuition derived from the democratic tradition of social choice, and it underlies Arrow’s (1951) formal concept of a social welfare function. Arrow’s social welfare function is a function the domain of which is a class of profiles of individual orderings and the range of which is a class of social orderings. Thus, a social welfare function specifies exactly one social ordering over X for every profile of individual orderings in its domain. The concept of a social welfare function provides a formal framework for analyzing the ethical problem of how the social ordering of social states in X is to be arrived at, given the individual orderings over X. The framework would not be of much interest unless one is prepared to introduce specific restrictions or properties that one may like to impose on the social welfare function. It is, however, important to note that, intuitively, the definition of a social welfare function itself implies that cardinal information about individual preferences and interpersonal comparisons with respect to preference satisfaction cannot play any role in the determination of the social ordering. By definition, a social welfare specifies exactly one social ordering for each profile of individual preference orderings in its domain. Therefore, intuitively, if the individuals’ preference orderings of social states remain the same, then the social ordering of social states must remain the same, irrespective of any changes in the cardinal information about the individuals’ preferences. Arrow (1951) proposed several properties for the social welfare function. While there are alternative versions of these properties, I shall follow Sen’s (2014) elegant adaptation of Arrow’s properties.5 One of the conditions that Arrow proposed was that the domain of the social welfare function should be the set of all logically possible profiles of individual orderings. Given the definition of a social welfare function, this condition amounts to the requirement that, for every logically possible profile of individual orderings, the social welfare function should specify a unique social ordering—a requirement that Sen (2014) has called the axiom of “unrestricted domain.” Arrow required the social welfare function to satisfy the familiar Pareto Principle widely accepted in welfare economics. Arrow also imposed two additional properties, namely, “independence of irrelevant alternatives” and “nondictatorship,” on the social welfare function (see Sen [2013] for statements of these conditions). What Arrow’s impossibility theorem says is that if X contains at least three distinct social states and the society consists of a finite number of individuals, then no social welfare function can simultaneously satisfy the conditions of unrestricted domain, the Pareto Principle, independence of irrelevant alternatives, and nondictatorship. Since the qualifications that there are at least three distinct possible social states and a finite number of individuals in the society are not particularly restrictive, and since each of the four conditions seems to have some prima facie plausibility, the theorem has the flavor of a paradox. The usefulness and importance of a paradoxical result, such as Arrow’s, which demonstrates that certain plausible assumptions or axioms lead to a logical contradiction, often lies in the intellectual challenge that it poses to come up with a resolution of the paradox and the resulting scrutiny of the axioms to find reasons why one should discard or modify some of them. In the case of Arrow’s impossibility theorem, the challenge was tough and led to a vast and rich literature that continues to expand in various directions.

An important issue relating to Arrow’s impossibility theorem involves the intuitive interpretation of the social welfare function, which, in turn, is closely linked to the interpretation of the social ordering R and the individual preferences that figure in the definition of a social welfare function.

One can think of at least two distinct interpretations of the social ordering. First, one can interpret R as reflecting the results of comparisons of social states under a procedure or rule adopted by the society to rank social states for the purpose of taking decisions; when R is interpreted in this fashion, the social welfare function is simply a decision procedure that the society uses to rank different social states. Alternatively, R can be interpreted as reflecting an individual’s social welfare judgments, i.e., an individual’s ethical judgments about the relative goodness or badness of social states; the individual may be an individual belonging to the society or a central planner or someone else from outside the society. The two interpretations are very different: an individual may agree to the use of a decision rule in the society that ranks two social states x and y differently from the ranking in terms of his own social welfare judgment. The distinction between the two different interpretations of the social ordering was at the center of some of the earliest assessments (see, for example, Little, 1952; and Bergson, 1954) of Arrow’s theorem,6 and it has been discussed at length by Sen (1977, 2011). Arrow (2nd edition, 1963, p. 106) accepted the validity of the distinction between the two interpretations7 and opted for the former interpretation since he felt that the final social choice would ultimately be determined by the results of the decision procedure adopted by the society to aggregate the preference orderings of individuals.8,9

Like the social orderings, individual preferences also lend themselves to a variety of interpretations. Sen (2013) distinguishes three different ways of interpreting an individual’s preferences: preferences as expressed through votes, preferences as reflecting the interests of the person, and preferences reflecting ethical judgments. For Arrow, an individual’s preferences reflected “whatever standards he deems relevant” (see Arrow, 1951, p. 7). In many ways, Arrow’s (1951) interpretation of individual preferences corresponds closely to votes. The vote cast by a voter is based on whatever the voter considers relevant: it may represent neither her interest/personal well-being exclusively nor her moral judgments exclusively.
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