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Preface

Stochastic Calculus of Variations (or Malliavin Calculus) consists, in brief,
in constructing and exploiting natural differentiable structures on abstract
probability spaces; in other words, Stochastic Calculus of Variations proceeds
from a merging of differential calculus and probability theory.

As optimization under a random environment is at the heart of mathemat-
ical finance, and as differential calculus is of paramount importance for the
search of extrema, it is not surprising that Stochastic Calculus of Variations
appears in mathematical finance. The computation of price sensitivities (or
Greeks) obviously belongs to the realm of differential calculus.

Nevertheless, Stochastic Calculus of Variations was introduced relatively
late in the mathematical finance literature: first in 1991 with the Ocone-
Karatzas hedging formula, and soon after that, many other applications ap-
peared in various other branches of mathematical finance; in 1999 a new im-
petus came from the works of P. L. Lions and his associates.

Our objective has been to write a book with complete mathematical proofs
together with a relatively light conceptual load of abstract mathematics; this
point of view has the drawback that often theorems are not stated under
minimal hypotheses.

To faciliate applications, we emphasize, whenever possible, an approach
through finite-dimensional approximation which is crucial for any kind of nu-
merical analysis. More could have been done in numerical developments (cal-
ibrations, quantizations, etc.) and perhaps less on the geometrical approach
to finance (local market stability, compartmentation by maturities of interest
rate models); this bias reflects our personal background.

Chapter 1 and, to some extent, parts of Chap. 2, are the only prerequisites
to reading this book; the remaining chapters should be readable independently
of each other. Independence of the chapters was intended to facilitate the
access to the book; sometimes however it results in closely related material
being dispersed over different chapters. We hope that this inconvenience can
be compensated by the extensive Index.

The authors wish to thank A. Sulem and the joint Mathematical Finance
group of INRIA Rocquencourt, the Université de Marne la Vallée and Ecole
Nationale des Ponts et Chaussées for the organization of an International
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Symposium on the theme of our book in December 2001 (published in Math-
ematical Finance, January 2003). This Symposium was the starting point for
our joint project.

Finally, we are greatly indepted to W. Schachermayer and J. Teichmann
for reading a first draft of this book and for their far-reaching suggestions.
Last not least, we implore the reader to send any comments on the content of
this book, including errors, via email to thalmaier@math.univ-poitiers.fr,
so that we may include them, with proper credit, in a Web page which will
be created for this purpose.

Paris, Paul Malliavin
April, 2005 Anton Thalmaier
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1.5 Itô’s Theory of Stochastic Integrals . . . . . . . . . . . . . . . . . . . . . . . . 15
1.6 Differential and Integral Calculus

in Chaos Expansion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
1.7 Monte-Carlo Computation of Divergence . . . . . . . . . . . . . . . . . . . 21

2 Computation of Greeks
and Integration by Parts Formulae . . . . . . . . . . . . . . . . . . . . . . . . 25
2.1 PDE Option Pricing; PDEs Governing

the Evolution of Greeks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
2.2 Stochastic Flow of Diffeomorphisms;

Ocone-Karatzas Hedging . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30
2.3 Principle of Equivalence of Instantaneous Derivatives . . . . . . . . 33
2.4 Pathwise Smearing for European Options . . . . . . . . . . . . . . . . . . . 33
2.5 Examples of Computing Pathwise Weights . . . . . . . . . . . . . . . . . . 35
2.6 Pathwise Smearing for Barrier Option . . . . . . . . . . . . . . . . . . . . . . 37

3 Market Equilibrium and Price-Volatility Feedback Rate . . . 41
3.1 Natural Metric Associated to Pathwise Smearing . . . . . . . . . . . . 41
3.2 Price-Volatility Feedback Rate . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42
3.3 Measurement of the Price-Volatility Feedback Rate . . . . . . . . . . 45
3.4 Market Ergodicity

and Price-Volatility Feedback Rate . . . . . . . . . . . . . . . . . . . . . . . . 46



X Contents

4 Multivariate Conditioning
and Regularity of Law . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
4.1 Non-Degenerate Maps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
4.2 Divergences . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
4.3 Regularity of the Law of a Non-Degenerate Map . . . . . . . . . . . . . 53
4.4 Multivariate Conditioning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
4.5 Riesz Transform and Multivariate Conditioning . . . . . . . . . . . . . 59
4.6 Example of the Univariate Conditioning . . . . . . . . . . . . . . . . . . . . 61

5 Non-Elliptic Markets and Instability
in HJM Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
5.1 Notation for Diffusions on R

N . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 66
5.2 The Malliavin Covariance Matrix

of a Hypoelliptic Diffusion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
5.3 Malliavin Covariance Matrix
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1

Gaussian Stochastic Calculus of Variations

The Stochastic Calculus of Variations [141] has excellent basic reference arti-
cles or reference books, see for instance [40, 44, 96, 101, 144, 156, 159, 166, 169,
172, 190–193, 207]. The presentation given here will emphasize two aspects:
firstly finite-dimensional approximations in view of the finite dimensionality
of any set of financial data; secondly numerical constructiveness of divergence
operators in view of the necessity to realize fast numerical Monte-Carlo simu-
lations. The second point of view will be enforced through the use of effective
vector fields.

1.1 Finite-Dimensional Gaussian Spaces,
Hermite Expansion

The One-Dimensional Case

Consider the canonical Gaussian probability measure γ1 on the real line R

which associates to any Borel set A the mass

γ1(A) =
1√
2π

∫
A

exp
(
−ξ2

2

)
dξ . (1.1)

We denote by L2(γ1) the Hilbert space of square-integrable functions on R

with respect to γ1. The monomials {ξs : s ∈ N} lie in L2(γ1) and generate a
dense subspace (see for instance [144], p. 6).

On dense subsets of L2(γ1) there are two basic operators: the derivative
(or annihilation) operator ∂ϕ := ϕ′ and the creation operator ∂∗ϕ, defined
by

(∂∗ϕ)(ξ) = −(∂ϕ)(ξ) + ξϕ(ξ) . (1.2)

Integration by parts gives the following duality formula:

(∂ϕ|ψ)L2(γ1) := E[(∂ϕ)ψ] =
∫

R

(∂ϕ)ψ dγ1 =
∫

R

ϕ (∂∗ψ) dγ1 = (ϕ|∂∗ψ)L2(γ1) .
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Moreover we have the identity

∂∂∗ − ∂∗∂ = 1

which is nothing other than the Heisenberg commutation relation; this fact
explains the terminology creation, resp. annihilation operator, used in the
mathematical physics literature. As the number operator is defined as

N = ∂∗∂ , (1.3)

we have
(Nϕ)(ξ) = −ϕ′′(ξ) + ξϕ′(ξ) .

Consider the sequence of Hermite polynomials given by

Hn(ξ) = (∂∗)n(1), i.e., H0(ξ) = 1, H1(ξ) = ξ, H2(ξ) = ξ2 − 1, etc.

Obviously Hn is a polynomial of degree n with leading term ξn. From the
Heisenberg commutation relation we deduce that

∂(∂∗)n − (∂∗)n∂ = n(∂∗)n−1.

Applying this identity to the constant function 1, we get

H ′
n = nHn−1, NHn = nHn ;

moreover

E[HnHp] =
(
(∂∗)n1|Hp

)
L2(γ1)

=
(
1|∂nHp

)
L2(γ1)

= E[∂nHp] . (1.4)

If p < n the r.h.s. of (1.4) vanishes; for p = n it equals n! . Therefore{
1√
n!

Hn, n = 0, 1, . . .

}
constitutes an orthonormal basis of L2(γ1).

Proposition 1.1. Any C∞-function ϕ with all its derivatives ∂nϕ ∈ L2(γ1)
can be represented as

ϕ =
∞∑

n=0

1
n!

E(∂nϕ)Hn . (1.5)

Proof. Using

E[∂nϕ] = (∂nϕ | 1)L2(γ1) = (ϕ | (∂∗)n1)L2(γ1) = E[ϕHn],

the proof is completed by the fact that the Hn/
√

n! provide an orthonormal
basis of L2(γ1). ��
Corollary 1.2. We have

exp
(

cξ − 1
2
c2

)
=

∞∑
n=0

cn

n!
Hn(ξ), c ∈ R.

Proof. Apply (1.5) to ϕ(ξ) := exp(cξ − c2/2) . ��


